One-meson-loop NJL model: Effect of collective and noncollective
  excitations on the quark condensate at finite temperature by Pereira, Renan Câmara & Costa, Pedro
One-meson-loop NJL model: Effect of collective and noncollective excitations on
the quark condensate at finite temperature
Renan Caˆmara Pereira∗ and Pedro Costa†
Centro de F´ısica da Universidade de Coimbra (CFisUC),
Department of Physics, University of Coimbra, P-3004 - 516 Coimbra, Portugal
(Dated: March 20, 2020)
We explore the effect of including quantum fluctuations in the two flavor Nambu−Jona-Lasinio
model at finite temperature. This is accomplished, in a symmetry preserving way, by including
collective and noncollective modes in the one-meson-loop gap equation which originate from poles
and branch cuts in the complex plane, respectively. The inclusion of a boson cutoff, Λb, is necessary
to regularize the meson-loop momenta. This new parameter is used to study the influence of going
beyond the usual mean field approximation in the quark condensate. As the temperature increases,
chiral symmetry tends to get restored, the collective modes melt and only noncollective modes
contribute to the quark condensate. With the inclusion of such modes, the quark condensate at
finite temperature has a different behavior than at mean field level that will be explored.
I. INTRODUCTION
Introduced by Yoichiro Nambu and Giovanni Jona-Lasinio in 1961, before the assertion of quantum chromo-
dynamics (QCD) as the theory of strong interactions, the Nambu−Jona-Lasinio (NJL) model had its debut
as a model of nucleons [1, 2]. In the original model, the nucleon fields interact locally to generate the mass
gap in the Dirac spectrum, in analogy with the Bardeen-Cooper-Schrieffer theory of superconductivity. After
the establishment of QCD as the theory of strong interactions, the nucleon field was substituted by a quark
field [3, 4]. Since then, this model has been widely used as an effective model of QCD, as a result of sharing
all the global symmetries of strong interaction, while providing a mechanism for spontaneous breaking and
restoration of chiral symmetry. Several improvements have been done to the model throughout the years like the
inclusion of finite quark current quark masses [5–7], extending the model for several quark flavors and adding
six-quark and eight-quark interactions to better reproduce the hadron spectra [8–10]. One of the most important
extensions of the model was the inclusion of the Polyakov loop by K. Fukushima [11]. This improvement allowed
the incorporation in the model of the ability to describe statistical deconfinement with the spontaneous breaking
of Z(Nc) symmetry at finite temperature [12, 13].
Some examples of the application of this model and its improved versions include hadron phenomenology
and behavior at finite temperature and/or density, modeling neutron star matter and study of the QCD phase
diagram [14–17]. Understanding the phase diagram of QCD is one of the most challenging and interesting topics
in modern physics. The experimental study of the QCD phase diagram is one of the major goals of ongoing heavy
ion collision (HIC) experiments. Current experiments like J-PARC in Japan, RHIC at the Brookhaven National
Laboratory and SPS at CERN, are not only trying to map the chiral and deconfinement phase boundaries of
QCD but also to study the properties of the quark-gluon plasma [18]. Another goal of these experiments is to
characterize the nature of the chiral symmetry restoration and look for the possible existence of the critical
endpoint (CEP), predicted by several model calculations. The available tools to theoretically study the QCD
phase diagram are limited due to the nonperturbative nature of the theory at low energies. The NJL model has
been an important tool to study the phase diagram under different scenarios, for more information on the NJL
model and its applications see the reviews [19–22].
In most of these applications, the NJL was studied in the standard mean field (MF) approximation, equivalent
to the so-called Hartree plus random phase approximation on the quark polarization function (RPA) [23]. Within
these schemes, only the quark loop is considered at the effective action level and quantum fluctuations caused by
meson modes are neglected. Including fluctuations in the NJL model, however, is not an easy task [23]. For
some works, including beyond MF corrections to the NJL model and linear sigma model see [24–36].
Studying the model beyond the MF approximation, is very important to correctly inspect the physical behavior
near the critical region where the system displays long range correlations. At low temperatures and densities,
before the restoration of chiral symmetry, it is expected that a major role is played by the thermal excitations of
the pion modes [37]. These low mass degrees of freedom are the pseudo-Goldstone modes of the NJL model.
Including quantum fluctuations in QCD effective model calculations, is also known to smooth the transition and
bring the critical region toward lower values of temperature [38, 39]. The localization of the critical region in
model calculations can be essential to aid experimental efforts to pinpoint the CEP.
One widely used technique to include quantum fluctuations beyond the MF, is the functional renormalization
group (FRG). The FRG is a powerful nonperturbative method that incorporates the Wilsonian idea of a gradual
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2momentum integration. In this method, the central object is the, scale-dependent, average effective action which
acts as an interpolation functional between two regimes: the ultraviolet scale, without quantum fluctuations and
the infrared scale, where all quantum fluctuations have been taken into account. For reviews on the FRG see
[40, 41]. The FRG has been applied to the NJL model with a scale dependence incorporated in the four-Fermi
interaction coupling. However, such a scheme leads to a diverging coupling in the renormalization group flow,
that signals spontaneous breaking of chiral symmetry, for more information see [42–44]. Recently, different
schemes have been used to apply the FRG to a theory with four-Fermi interactions, like the NJL model, see
[42–46]. The FRG technique was also successfully applied to the quark-meson model to study the QCD phase
diagram in both two and three flavors, as well as used to compute spectral functions through a simple analytical
continuation to imaginary time [47, 48]. However, more recently, it was also found that the application of the
FRG to the 2-flavor QM model leads to an unphysical behavior at low temperatures and high chemical potentials:
the existence of a region of negative entropy density near the first-order phase transition of the model, for more
information see [49].
Any calculation scheme used to solve the model, at any level of approximation, must be symmetry conserving,
i.e., it has to preserve the symmetries of the model. In the case of chiral symmetry and its breaking in the
vacuum, the model must have a Goldstone mode in the chiral limit. The MF or Hartree plus RPA calculations
are symmetry preserving [23, 50].
Different symmetry conserving schemes, to take the NJL model beyond the MF approximation, have been
presented over the years like the 1/Nc expansions, “Φ−derivable” methods and functional methods [23, 51–56].
The MF approximation represents the leading order in the Nc expansion and corrections to the MF could be of
order 1/Nc. However, the NJL is a nonrenormalizable field theory in four spacetime dimensions. A regularization
procedure must be applied, which will be directly related to the absolute size of the corrections. This means that
the magnitude of the corrections is not only dictated by the expansion parameter [21] but also by the model
parametrization and phenomenology.
A nonperturbative and symmetry conserving method was developed by E. Nikolov et al. in [51], based on
the effective action formalism. Such formalism was coined as the one-meson-loop approximation [51, 53] and
represents the next to leading order correction in the Nc expansion of the NJL effective action. It was later
extended to include low temperature effects in the gap equation [37] using an approximation: at low temperatures,
only the lowest lying pion pole would contribute.
In this work, we do not deal with the system at finite density. Hence, vector-type interactions will not be
considered even though these interactions can be present in the NJL model, specially at finite density. Indeed,
vector interactions are present if one considers the NJL model as an effective model of QCD, based on the
color-current expansion and the Fierz transformation of the one-gluon exchange interaction [57, 58].
In the present paper, we will take an important step in the direction of calculating the NJL phase diagram
beyond the MF approximation by extending the symmetry conserving scheme presented by E. Nikolov et al. to
finite temperature [37, 51]. To accomplish this, we will solve the NJL gap equation including all contributions
coming from the one-meson-loop correction terms. This will allow us to study the impact of meson fluctuations
on the quark condensate and in the restoration of chiral symmetry at finite temperature. Previous works have
only considered the effect of the one-meson-loop terms in the vacuum quark condensate and did not develop
the formalism of the integration technique and phenomenology to extend the calculation to finite temperature
[37, 50, 51, 53]. In order to consider all contributions coming from the one-meson-loop correction terms, we
will separate the contour integrations that arise in the calculation in two distinct contributions: the collective
and noncollective modes [56, 59]. This calculation does not involve meson fields with kinetic boson terms at
the Lagrangian level. In this formalism, mesons are composite collective and noncollective excitations of the
underlying quark fields.
This paper is organized as follows. In Sec. II the NJL model and formalism, to derive the one-meson-loop
gap equation, are presented. The separation of the collective and noncollective modes is laid out. In Sec. III
the results from increasing the meson fluctuations in the vacuum and at finite temperature are studied. The
separated effect of the collective modes and noncollective modes, on the quark condensate, is also considered.
Finally, in Sec. IV conclusions are discussed and further work is planned.
We work with units in which ~ = c = 1. The following notation is used along the work for an n−dimensional
integration in momentum space: ∫
qn
=
∫
dnq
(2pi)
n .
II. MODEL AND FORMALISM
To derive the NJL gap equation including one-meson-loop corrections, we will use the effective action formalism.
Following [51], we consider the two flavor NJL model, whose Lagrangian density in Minkowski spacetime is given
3by:
L(ψ,ψ) = ψ(i/∂ − mˆ)ψ + gs
2
(
ψΓˆαψ
)2
. (1)
Here, ψ is the quark field, mˆ is the current quark mass, which explicitly breaks chiral symmetry and gs is the
coupling constant of the scalar and pseudoscalar four-fermions interaction. The mass dimension of the coupling
gs is [D − 6] (where D is the spacetime dimension), rendering this model nonrenormalizable in D = 4. The
operator Γˆα, to incorporate both the scalar and pseudoscalar interactions, is defined as Γˆ0 = 1 and Γˆj = iγ
5τ j .
To include temperature we will use the Euclidean spacetime by performing a Wick rotation from real times
to imaginary times, x0 → −iτ changing the metric, ηab = −δab. The Euclidean action can be written as
SE
[
ψ,ψ
]
= − ∫ 1/T
0
dτ
∫
d3xLE
(
ψ,ψ
)
. The generating functional of the fully connected Green’s functions, for a
given temperature (T ), ignoring a normalization factor, can be written as:
W[T ; η, η] = ln
∫
DψDψ e−SE[ψ,ψ]+
∫ 1/T
0 dτ
∫
d3x(ψη+ηψ). (2)
When dealing with multiquark interactions one can use the Hubbard-Stratonovich transformation to absorb
these nonquadratic interactions with the use of auxiliary fields with the same quantum numbers as the quark
bilinears operators. In the case of the NJL model, it can be written as [60]:
exp
{∫ 1/T
0
dτ
∫
d3x
gs
2
(
ψΓˆαψ
)2}
∝
∫
Dφα exp
{
−
∫ 1/T
0
dτ
∫
d3x
[
φ2α
2gs
+
(
ψΓˆαψ
)
φα
]}
. (3)
This exact transformation leads to a partially bosonized version of the model with Yukawa-type of interactions
between the fermions and the auxiliary fields without kinetic terms. The quadratic fermionic term can then be
integrated out exactly. In this model the zeroth component of the field φ0, correspond to a scalar meson field
and the other three φ, to a pseudoscalar meson field.
After using this transformation and shifting variables as φα → φα −mδα0, the quark fields can be integrated
out to yield the completely bosonic energy functional,
W[T ; J ] = ln
∫
Dφα e−SE [φα]+
∫ 1/T
0 dτ
∫
d3xJαφα . (4)
As pointed out in [51, 61], for two quark flavors the complex part of the fermionic determinant vanishes and
we are allowed to write tr lnD = 1/2 tr lnD†D. Hence, the bosonic action SE [φ], can be written as:
SE [φ] = −Nc
2
tr lnD†D +
∫ 1/T
0
dτ
∫
d3x
[
φ2α
2gs
− mφ0
gs
+
m2
2gs
]
. (5)
Where the operator D†D is given by:
D†D = −∂a∂a + iγaΓˆb(∂aφb) + φaφa. (6)
Following the Wick rotation, the partial differential operator is defined as ∂a = (−i∂0,∇) = (∂τ , ∂x) and the
Euclidean Dirac matrices are γa =
(
iγ0,γ
)
= (γτ ,γ), which respect the anticommutation relation
{
γa, γb
}
=
−2δab.
The effective action of the model can be obtained through a Legendre transformation,
Γ[T ;ϕ] =
∫
dτ
∫
d3xJaϕa −W[T ; J ], (7)
where ϕa is the vacuum expectation value of the fields in the presence of an external source,
ϕ = 〈φ〉J =
δW[J ]
δJ
. (8)
Considering small fluctuations around the background field, one can expand the effective action in terms of the
action given by Eq. (5) and its functional derivatives [61]. Using such expansion, the one-meson-loop effective
action is:
Γ[T ;ϕ] = SE [ϕ] + 1
2
tr ln
δ2SE [ϕ]
δϕ2
. (9)
Keeping only the first term corresponds to the mean field approximation.
4The NJL one-meson-loop gap equation can be derived by requiring that, for a given constant field configuration,
the effective action in Eq. (9) is stationary. To respect the symmetries of the vacuum, only the scalar field can
have a nonvanishing expectation value, ϕ = (S,0). One writes:
δΓ[ϕ]
δϕc
∣∣∣∣
ϕ
=
δSE [ϕ]
δϕc
+
1
2
tr ∆ab
δ3SE [ϕ]
δϕaδϕbδϕc
= 0. (10)
The first term in the gap equation is the MF contribution while the remaining terms correspond to the
contribution coming from the meson fluctuations.
In the MF approximation, the pole of the quark propagator is given by ϕ0 = S, meaning that the constituent
MF-quark mass mψ, is given by mψ = S. As already pointed out by other authors [51, 53], the same does not
occur on the one-meson-loop calculation and S is no longer identifiable with the quark mass. However, we will
continue to call S the Hartree mass, since it can still be interpreted as a mass scale and it is essential on the
definition of the masses of collective and noncollective modes that will contribute to the quark condensate, which
can be calculated using [51, 53]:
〈
ψψ
〉
= − (S −m)
gs
. (11)
Using the interpretation of S as the MF or Hartree quark mass, will be important to understand the behavior of
the meson modes with increasing temperature.
The function ∆−1ab (S, q), needed to solve Eq. (10), is the second variation of the bosonic action SE [ϕ], with
respect to the fields at the stationary point. It can be calculated to yield:
∆−1ab (S, q) = δab
[
2NcNff1(S, q)
(
q2 + 4S2δ0σ
)− 4NcNff0(S) + g−1s ]. (12)
This is the meson propagator in the MF approximation which also agrees with the RPA meson propagator. The
functions f0(S) and f1(S, q) are so-called quark-loop functions (they are presented in Appendixes V B and V C,
respectively).
As suggested first by E. Nikolov [51] and after by M. Oertel [53], in order to have a symmetry conserving
calculation, ensuring the pion as the Goldstone mode in the chiral limit, the quantity in Eq. (12), in every
expression, has to be substituted by:
∆˜−1M (S, q) = 2NcNff1(S, q)
(
q2 + 4S2δMσ
)
+
m
gsS
, (13)
the meson-loop propagator, yielding the so-called meson-loop-approximation (with M = {σ, pi}). This substitution
is exact in the MF approximation, where the MF-gap equation ensures its validity. In the first derivation of the
one-meson-loop gap equation by E. Nikolov et al. [51], this substitution is justified in the basis of an Nc counting
scheme. The first term in the gap equation (the quark loop term) is of order Nc. The second term will be of
order 1/N0c . Using the definition given in Eq. (12) would lead to contributions in the gap equation of order 1/Nc,
introducing higher order corrections in the calculation and ruining the Nc counting scheme. Substituting by Eq.
(13) makes the calculation consistent and leads to massless pion in the chiral limit, as shown by the authors.
For more details on their argument, see [51]. This substitution was also employed by M. Oertel et al. [53],
where it is argued to be necessary in order to make the argument of the logarithm in Eq. (9) positive definite,
yielding a real and positive solution to the one-meson-loop gap equation. (For more details see Ref. [53]). In the
present work we use this approximation since it is necessary to have a symmetry conserving approximation when
adding meson loops in the effective action formalism. The functions ∆˜σ(S, q) and ∆˜pi(S, q) do not correspond to
the meson propagators with one-meson-loop corrections. To effectively calculate the meson propagators with
one-meson-loop corrections, one would have to calculate the second functional derivative of the effective action
including the one-meson-loop term, generating third and fourth order functional derivatives of the bosonic action
given in Eq. (5). This is beyond the scope of the present work.
As already stated, the NJL model is nonrenormalizable and some regularization scheme is needed in order to
mathematically define the model. Here we will apply a 3-momentum regularization in all momentum integrations,
effectively truncating the Hilbert space of the fields [62]. The quark loop momentum can be regularized with a
hard 3D-momentum cutoff, Λf , the fermion cutoff. When including quantum fluctuations in the calculation, due
to the nonrenormalizable nature of the model, a new parameter has to be introduced in order to regularize the
meson loops, Λb, the boson cutoff. Trivially, when Λb = 0, one recovers the MF approximation. Upon studying
the effect of quantum fluctuations beyond the mean field, in the NJL model, several authors have studied the
ratio α = Λb/Λf , or even fixed this ratio to an arbitrary value when building NJL models which dealt with
meson loop corrections [37, 51, 53, 56, 63, 64]. In this study, we independently choose the values of Λf and Λb
because the mathematical relation between them are not well determined in the NJL model at present.
In this work we fix the ratio α = Λb/Λf by fixing the energy scale of the model. The one-meson-loop
contribution has a clear connection with the quark loop term: the mesons in this formalism are composite
collective and noncollective excitations of the underlying quark fields and are not meson fields with kinetic boson
5terms at the Lagrangian level. This is clear from the explicit dependence on the f1(S, q) loop function in the
one-meson-loop terms. In fact, the largest energy in the system will now be fixed by the f1(S, q) loop function.
In this function there will be a dispersion relation with total momentum P = q+ k, with k the quark momentum
(integrated up to Λf ) and q the external meson momentum (integrated up to Λb). It is clear that the maximum
momentum in the system will be the sum Pmax = Λf + Λb = (1 + α)Λf . If one considers that the NJL model is
valid up to a momentum scale of Pmax = 1 GeV, then α is limited by this energy scale for a given Λf . Hence, we
will consider parametrizations where the ratio α, yields a maximum momentum scale of the order of 1 GeV.
More details will be given in Sec. III.
A. The one-meson-loop gap equation at finite temperature
Calculating explicitly the functional derivatives in Eq. (10), one can arrive at the one-meson-loop gap equation,
first derived in [51]:
Σq(S) + Σσ(S) + Σpi(S) = 0. (14)
The first term is the usual one-quark loop contribution while the remaining correspond to the σ and pi one-
meson-loop contributions to the gap equation. Each contribution is explicitly given by:
Σq(S) =
1
gs
(S −m)− 4NcNfSf0(S), (15)
Σσ(S) = 2NcNfS{4I1σ(S) + 2f1(S, 0)Iσ(S) + I2σ(S)}, (16)
Σpi(S) = 6NcNfS{2f1(S, 0)Ipi(S) + I2pi(S)}, (17)
where IM (S), I1M (S), and I2M (S), with M = {σ, pi}, are defined as:
IM (S) =
∫
d4q
(2pi)
4 ∆˜M (S, q), (18)
I1M (S) =
∫
d4q
(2pi)
4 f1(S, q)∆˜M (S, q), (19)
I2M (S) = −2
∫
d4q
(2pi)
4
(
q2 + 4S2
)
f2(S, q)∆˜M (S, q). (20)
The function f2(S, q) can be written as a derivative of the f1(S, q) loop function with respect to S
2. In the chiral
limit, the one-loop corrections, Σσ and Σpi, are explicitly suppressed by an overall Nc factor, due to the extra Nc
factor in the meson-loop propagator, ∆˜M (S, q), meaning that these terms are of O(N0c ) [37, 51].
In the meson loop corrections terms present in the gap equation (Eqs. (16) and (17)), one is integrating over
the meson four momentum q i.e., summing over all kinematic meson fluctuations that can contribute to the
system.
At finite temperature, the meson-loop contributions can be calculated following the usual Matsubara sum
technique and the vacuum can be calculated by taking the T → 0 limit. These infinite sums over residues, of a
previous singular integrand, can be transformed into a contour integration in the complex plane which avoid
poles located at the Matsubara frequencies. However, the available contours in the complex plane are constrained
by the analytical structure of the integrand. In this calculation, the meson propagator, more specifically the
loop function f1(S, q), imposes restrictions on the possible contours in the complex plane. Hence, due to the
analytic properties of such a function, the Matsubara sum will be transformed into a contour integration as
suggested in Fig. 1 (see Ref. [50]).
Each one-meson-loop term in the gap equation can be brought to a form of a contour integration of the
function h(w) of a complex variable, w. The integral over the closed contour C in the complex plane (see Fig. 1),
of the complex function h(w) can be written as:
I =
∮
C
dw
2pii
h(w). (21)
Defining the real part of w as ω, we can define the real and imaginary parts of the function h(w), near the real
axis (small  > 0), by writing:
h(ω ± i) = Re [h(ω)]± i Im [h(ω)]. (22)
The integration in Eq. (21), can then be written as an integration around the real axis as:
I =
1
pi
∫ +∞
−∞
dω Im [h(ω)] (23)
6Re(w)
Im(w)
C
Figure 1: Contour used to calculate the meson-loop contributions to the gap equation. The dots in the vertical axis are
poles that represent the bosonic Matsubara frequencies. The poles and branch cuts on the horizontal axis are due to the
analytical structure of the f1(S, q) loop function.
Re(z)
Im(z)
Figure 2: Definition of the collective meson mode (pole) and the noncollective meson mode (branch cut) terms in the
meson-loop corrections.
Only the imaginary part of the function under the original contour integration, Im [h(ω)], will contribute to the
result.
In our framework, to calculate the meson contributions for a given meson channel M , two distinct contributions
will be considered, the collective and noncollective modes (see Refs. [56, 59]). This separation is depicted in Fig.
2, where the first comes from the isolated pole in the complex plane while the latter, from the branch cuts.
In the chiral limit, Eq. (13) can be viewed as the propagator of a meson with effective mass 4S2δMσ and a
wave function renormalization proportional to f1(S, q). The function f1(S, q) amounts for the internal interacting
quark substructure of the collective meson excitation. For convenience, we define the collective meson propagator
in Eq. (13) as:
kM (S, q, q0) =
1
(q2 + 4S2δMσ)
=
1
q20 + E
2
M (S, q)
, (24)
where the dispersion relation E2M = q
2 + 4S2δMσ, is a real quantity.
The collective mode contributions will be calculated by considering that only the collective meson propagator,
kM (S, q,−iw), has a nonvanishing imaginary part and f1(S, q,−iw) is a real quantity. These pole terms will
appear as delta functions and will correspond to excitations of the underlying quark system with a precise
dispersion relation. The noncollective modes come from the branch cuts, corresponding to the kinematic region
where the imaginary part of f1(S, q,−iw) is nonzero and the collective meson propagator, kM (S, q,−iw) is
a real quantity. The analytic continuation of the functions f1(S, q, q0) to f1(S, q,−iq0) and kM (S, q, q0) to
kM (S, q,−iq0) have been defined as F (S, q, ω) and KM (S, q, ω), respectively, for real ω (see Appendixes V C
and V D).
As pointed out by K. Yamazaki et al. in Refs. [56, 59], when chiral symmetry is not explicitly broken at the
Lagrangian level, i.e., when m = 0, these contributions are easily separated. When including the quark current
mass however, these contributions get mixed and the separation must be done with care.
As the temperature increases, one expects chiral symmetry to get restored. This means that the absolute
value of the quark condensate decreases, as well as the value for the expectation value of the scalar field, S. This
implies that, both the position of the meson propagator pole in the complex plane, as well as the onset of the
branch cuts, can change with the temperature and S.
In the MF calculation of meson masses and decays, one can define the Mott temperature at which the mass of
a given meson channel, is smaller then the sum of the constituent mass of its composing quarks (for a detailed
discussion in the two flavor NJL model, see [13]). At this point the decay width of such a meson channel is
nonzero and the previous quarks bound state, becomes a resonance. In the present paper, this corresponds to
7the meson pole reaching the branch cut. At this point, both the collective meson propagator, kM (S, q,−iw)
and the loop function f1(S, q,−iw) have nonvanishing imaginary parts. To calculate exactly such contributions,
one should use a keyhole contour, avoiding both the pole as well as the branch cut singularity. However, that
would introduce in the calculation a mixture between the imaginary contribution coming from the pole with the
one coming from the cut, making it very difficult to clearly separate both contributions. To avoid this, in the
present framework, for a given kinematic contribution where the pole lies on top of the branch cut, only the
noncollective mode will be calculated.
A collective meson mode exists, if there is an ω+ value, in-between the branch cuts, where Eq. (13) is zero.
This condition can be written as:
−ω2+ + E2M (S, q) +
m˜
Re [F (S, q, ω+)]
= 0, (25)
where,
m˜ =
m
2gsNcNfS
. (26)
Analyzing Im [F (S, q, ω)], one can recognize that the region in-between cuts is given by [
√
(Λf + q)
2
+ S2 −√
Λ2f + S
2, Eσ]. One can also observe that the real part of F (S, q, ω) is always greater then zero in the ω−region
in-between the branch cuts. Thus, considering a finite current quark mass, Eq. (25) only has a zero for the pion
meson mode. This means that excitations with the same quantum numbers as the σ field will not have collective
mode contributions, only noncollective ones.
In the following, the integrations defined in Eqs. (18), (19) and (20), will be separated in the collective and
noncollective contributions.
Consider the contribution IM (S), for a given meson channel M = {σ, pi}, given in Eq. (18) (for more details
on this calculation, see Sec. V D). As discussed earlier, it can be divided in the collective and noncollective
contributions, i.e., the pole PM (S) and a branch cut, BM (S) terms. This separation can be written as:
IM (S) = PM (S) + BM (S). (27)
The first term is the contribution coming from the collective modes. It can be calculated, as already stated, by
considering that near the real axis, the loop function f1(S, q,−iw) is purely real and k−1M (S, q,−iw) has both a
real and an imaginary part. It can be calculated to yield:
PM (S) = 1
4NcNf
∫
q
coth (βω+/2)
Re [F (S, q, ω+)]
|∂ωχ+(S, q, ω)|−1ω+
E˜M (S, q, ω+)
. (28)
Here, the collective mode dispersion relation E˜2M (S, q, ω) and the function χ+(S, q, ω), are defined as:
E˜2M (S, q, ω) = E
2
M (S, q) +
m˜
Re [F (S, q, ω)]
, (29)
χ+(S, q, ω) = ω − E˜M (S, q, ω), (30)
while ω+ = ω+(S, q) is the location of the pole on the real line of the ω−complex plane. It can be calculated as a
solution of
χ+(S, q, ω+) = 0. (31)
Now, one of the difficulties of including composite meson fluctuations in the calculation becomes evident. The
pole location ω+, from which one calculates the collective mode dispersion relation E˜
2
M (S, q, ω+), depends on the
Hartree mass (S), on the meson 3-momentum (q) and implicitly on the temperature (T ), through Re [F (S, q, ω)],
which is related to the quark substructure of the collective mode.
From this, one can see that the pole contribution, does not simply correspond to a integration over the meson
fluctuation momentum with a fixed collective meson mass. When integrating over the meson momentum, a
certain value of Hartree mass and temperature are fixed and the pole location, for a single value of q, is calculated
self-consistently. We highlight that, in our calculation, the pole contributions are only nonzero if ω+ exists in
between the cuts.
The second term, BM (S), can be calculated by considering that, near the real axis, k−1M (S, q,−iw) is real
while f1(S, q,−iw) is complex. One can write:
BM (S) = 1
2piNcNf
∫
q
∫ +∞
0
dω
coth (βω/2)
−ω2 + E2M (S, q)
− Im [F (S, q, ω)]
Re [G(S, q, ω)]
2
+ Im [F (S, q, ω)]
2 . (32)
8The function Im [F (S, q, ω)] have an Heaviside step function, which restricts the integration to the branch cuts
in Fig. 2. The function Re [G(S, q, ω)], is defined as:
Re [G(S, q, ω)] = Re [F (S, q, ω)] + m˜KM (S, q, ω). (33)
The integral in Eq. (19), only appears in the σ gap equation. Considering a finite quark current mass m, only
the branch cut contribution will be nonzero, I1σ(S) = B1σ(S) since, as previously stated, the σ mode does not
have a pole. One can write this term as (see Sec. V E for more details on this derivation):
B1σ(S) = m˜
2piNcNf
∫
q
∫ +∞
0
dω
coth (βω/2)
−ω2 + E2σ(S, q)
Kσ(S, q, ω) Im [F (S, q, ω)]
Re [G(S, q, ω)]
2
+ Im [F (S, q, ω)]
2 . (34)
It is clear that this contribution vanishes in the chiral limit, due to the overall factor m˜.
The last integration that needs attention, is given by Eq. (20) (for more details see Sec. V F). It will have
contributions coming both from the collective and noncollective modes:
I2M (S) = P2M (S) + B2M (S). (35)
To simplify the calculations one can write the integrand in terms of the f1(S, q) loop function using the identity:
f2(S, q) = −1
2
∂
∂ξ2
f1(ξ, q)ξ=S . (36)
This will remove double poles that would otherwise appear when using the Matsubara sum technique.
Repeating the same process i.e., consider that f1(S, q,−iw) is purely real and k−1M (S, q,−iw) is complex, near
the real axis, after some calculations, one can arrive at:
P2M (S) = − m˜
4NcNf
∫
q
coth (βω+/2)
E˜M (S, q, ω+)
∂S2 Re [F (S, q, ω+)]
Re [F (S, q, ω+)]
2 |∂ωχ+(S, q, ω)|−1ω+ . (37)
The noncollective contribution to I2M (S) can be calculated as before, near the real axis, the branch cut term
is:
B2M (S) = 1
2piNcNf
∫
q
∫ +∞
0
dω
coth (βω/2)
1 +A(S, q, ω)
2 ∂ξ2A(ξ, q, ω)ξ=S . (38)
Here, the function A(S, q, ω) is defined as
A(ξ, q, ω) =
Im [F (ξ, q, ω)]
Re [F (ξ, q, ω)] + m˜KM (S, q, ω)
. (39)
III. RESULTS
In this section we present our results and discuss the influence of the one-meson-loop terms, separated in
collective and noncollective contributions, on the quark condensate in the vacuum and at finite temperature. We
also study the effect of including only the collective and noncollective contributions in the restoration of chiral
symmetry with increasing temperature.
Here, we point out that, concerning the numerical calculations, the inclusion of the one-meson-loop terms is
completely self-consistent: upon solving the gap equation for a given parametrization, for each value of Hatree
mass, S, and temperature, T , one has to numerically check the existence of the collective modes and their
influence on the noncollective modes.
A. Vacuum
To start our study, we find a parameter set which, at the MF level, reproduces the value of the quark
condensate obtained by two-flavor lattice QCD [65],
〈
``
〉1/3
= −256 MeV, the pion mass, mpi = 135 MeV and
the pion decay constant, fpi = 93 MeV. This parameter set is displayed in Table I.
To study the effect of the inclusion of meson-loop corrections in the vacuum condensate, we use the aforemen-
tioned MF parameter set and increase the value of α, the ratio between the boson and fermion cutoff, α = Λb/Λf ,
from zero (MF calculation) to a finite value. The results of such calculation can be seen in Fig. 3. Three different
scenarios were considered:
9Λf [MeV] m[MeV] gsΛ
2
f/2 S[MeV]
690.3 4.72 2.014 288.4
Table I: Mean field parameter set and MF quark mass, S, in the vacuum.
• Quark loop and the collective modes , Σq(S) + ΣP(S) = 0;
• Quark loop and the noncollective modes, Σq(S) + ΣB(S) = 0;
• Quark loop and collective and noncollective modes, Σq(S) + ΣP(S) + ΣB(S) = 0.
Setting the boson cutoff to a nonzero value is equivalent to include the one-meson-loop correction terms.
As one can see in the left panel of Fig. 3, by solving the gap equation with increasing α, the value of the
quark condensate decreases. For reference, the gray dashed line in the left panel of Fig. 3, corresponds to an
1/Nc-reduction of the MF vacuum quark condensate. This decreasing behavior is expected since the inclusion of
bosonic degrees of freedom is known to restore chiral symmetry. The decreasing of the quark condensate with
increasing α happens until a point where, to further decrease the quark condensate, the boson cutoff has also
to decrease. This behavior of decreasing quark condensate with decreasing α, continues up to the point where
the pion collective mode with zero momentum reaches the branch cut i.e., E˜pi(0) = Eσ(0). This can been seen
more clearly in the right panel of of Fig. 3. After this point (red-dashed line in the right panel of Fig. 3) a
smaller number of momentum modes will contribute to the collective modes and the quark condensate cannot
decrease again with increasing α. When the highest momentum mode, with q = Λb, reaches the branch cut
i.e., E˜pi(Λb) = Eσ(Λb), the collective modes do not contribute any more to the calculation (full red line in the
right panel of Fig. 3). At this point, no more solutions can be found for the gap equations. These points are
represented in the right panel of Fig. 3 by the respective colored dots.
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Figure 3: Ratio between the MF vacuum quark condensate and the one-meson-loop vacuum quark condensate, as a
function of the ratio α = Λb/Λf . The green line is the result of solving the gap equation with the collective contributions,
the blue line with the noncollective contributions and the black line is the complete calculation. The gray dashed line in
the left panel, corresponds to an 1/Nc-reduction of the MF vacuum quark condensate. The red-dashed and red-full lines
in the right panel, correspond to the Hartree mass points where the pi collective mode reaches the branch cut, with q = 0
and q = Λb, respectively.
B. Finite temperature
In this section we solve the gap equation at finite temperature for different sets of parameters that include
one-meson-loop corrections and compare the results with the usual MF calculation.
To solve the gap equation at finite temperature it is necessary to evaluate the q → 0 limit of the f1(S, q) loop
function i.e., f1(S, 0) (see Eqs. (16) and (17)). This operation implies two distinct limits, q0 → 0 and q → 0.
After the extension of the discrete Matsubara frequencies to continuum values q0, the function f1(S, q) is no
longer analytic in the origin [66]. This can easily be demonstrated by noticing that the limiting operations,
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q → 0 and q0 → 0, do not commute i.e.,
lim
q→0
lim
q0→0
f1(S, q, q0) 6= lim
q0→0
lim
q→0
f1(S, q, q0). (40)
This is a consequence of the breaking of Lorentz symmetry by the heat bath. In fact, this feature is a well-know
property of finite temperature field theory and the limiting operations in Eq. (40) are related to two distinct
approximations. The left-hand side order of limiting operations is known as the static limit while, the one in the
right-hand side, is known as the plasmon limit. The analytical result for both limits is presented in Appendix
V C. For more details see [66]. We consider both the static and plasmon limits and compare both results in the
calculation of the quark condensate as a function of temperature including collective and noncollective modes.
To study the finite temperature behavior of the quark condensate and restoration of chiral symmetry with
the one-meson-loops contribution, a set of parameters has to be provided which include the boson cutoff. In
order to do so, we fix the ratio between the boson and fermion cutoffs, α, to different values and search for
parametrizations which reproduce the same vacuum observables as in the MF case: the two flavor quark
condensate, the pion mass and the pion decay constant given previously. We also search for parametrizations in
the three scenarios presented earlier, considering the complete one-meson-loop gap equation, and considering the
quark loop with the collective excitations or with the noncollective excitations. The obtained parameter sets are
displayed in Table II.
To obtain the model parametrization, the pion mass and pion decay constant are calculated using the meson-
loop pion propagator given in Eq. (13). We highlight that this is an approximation since the vacuum quantities
are not calculated using the one-meson-loop pion propagator i.e., the second functional derivative of the one-loop
effective action. This approximation only changes the parametrization of the model and does not modify the
qualitative effects of including collective and noncollective modes on the quark condensate and on the restoration
of chiral symmetry.
α
∑
P
∑
B Λf [MeV] m[MeV] gsΛ
2
f/2 S[MeV]
3 3 690.9 4.72 2.015 288.1
0.1 3 7 690.8 4.72 2.015 288.2
7 3 690.4 4.72 2.015 288.4
3 3 694.4 4.72 2.022 286.2
0.2 3 7 693.7 4.72 2.021 286.5
7 3 691.0 4.72 2.016 288.1
3 3 702.2 4.72 2.038 282.1
0.3 3 7 693.7 4.72 2.021 286.5
7 3 692.6 4.72 2.019 287.2
3 3 714.7 4.72 2.065 276.0
0.4 3 7 709.2 4.72 2.053 278.6
7 3 695.7 4.72 2.025 285.5
Table II: Parameter sets for different values of α, considering three different scenarios: the complete calculation,
considering only the quark sector and collective fluctuations and quark sector and noncollective fluctuations.
When calculating the collective modes contributions to the gap equation at finite temperature, for a given
pair of values (T, S), one is integrating over the meson momentum, from 0 to Λb. However, as temperature
increases, the value of S decreases and chiral symmetry tends to get restored. As a consequence, the poles that
originate the collective contributions and the branch cuts, move in the complex plane. Indeed, at a specific
value of (T0, S0) the pole with momentum q = 0, enters the branch cut (see Fig. 2) and the mode with that
dispersion relation no longer contributes as a collective excitation. As temperature continues to increase, more
and more momentum modes generate pole contributions that overlap with the branch cuts and are not included
as collective excitations. So, collective excitations are considered until the highest boson momentum mode, with
momentum q = Λb, enters the branch cut.
In Fig. 4, we present the results of solving the one meson loop gap equation, at finite temperature, increasing
the boson cutoff. In all the panels we present the result of the MF model, using the parameters of Table I, for
reference. We also present the so-called pion melting lines for pion collective modes with momentum q = 0 and
q = Λb (dashed and full red lines of Fig. 4). For a given Hartree mass, these lines provide the respective melting
temperature of the pion collective mode i.e., the temperature at which the poles with momentum modes q = 0
and q = Λb, enter the branch cut. For q = 0, this is known as the pion Mott temperature. The q = 0 melting
line, contrary to the q = Λb one, depends only on the fermionic parameters i.e., it does not depend on the boson
cutoff. This means that these lines are almost the same in all scenarios presented in Fig. 4. Upon solving these
complete gap equation, once the quark condensate reaches this temperature, a smaller number of momentum
modes will contribute to the collective modes.
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(d) α = 0.4
Figure 4: Solution of the gap equation at finite temperature including collective and noncollective fluctuations. Each
panel represents the solution for a given ratio between the boson and fermion cutoff, α = Λb/Λf . Both the plasmon and
static limits are presented as well as the collective excitation melting lines for q = 0 and q = Λb.
In both the plasmon and static limits, the quark condensate at finite temperature, has a different behavior
with meson loop corrections, when compared to MF, see Fig. 5. There is a bending behavior not seen at MF
level: because of the inclusion of collective and non collective modes in the system and the crossing of cuts in
the complex plane the quark condensate is not an analytical function of temperature.
Figure 5 also shows that this behavior is present when solving the gap equation with both collective and non
collective excitations (red line) or when considering these contributions separately (green and blue lines). Such
observation leads us to conclude that this behavior is a consequence of considering beyond MF corrections within
this formalism, independently if they are collective or non collective excitations.
Due to the presence of this bend, the critical temperature of the crossover transition cannot be defined as
the zero of the second derivative of the quark condensate with respect to temperature, as usual. Still, one can
clearly distinguish two phases, one with a large quark condensate and the other with a small quark condensate.
These phases are also separated by the Mott temperature line of the q = 0 pion collective mode (see Fig. 4).
Hence, in this calculation, it would be natural to associate this temperature with the partial restoration of chiral
symmetry.
A nonstandard quark condensate as a function of temperature was also obtained in [67] for a nonlocal version
of the Polyakov−Nambu−Jona-Lasinio model beyond mean field. In that work, the authors found a “wiggle”
and attributed such a behavior to the beyond MF correction to the quark self-energy.
In conclusion, we expect to show that the inclusion of quantum fluctuations in the NJL model needs to be
done with care, especially if one is trying to reproduce lattice QCD results. If one wants to have a consistent
model beyond the mean field, including collective and noncollective excitations, one should also include in the
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(b) Static limit, α = 0.4
Figure 5: Solution of the gap equation at finite temperature with α = Λb/Λf = 0.4. The left panel is the result in the
plasmon limit while the right panel is the static limit. The green line is the result of solving the gap equation with the
collective contributions, the blue line with the noncollective contributions and the red line is the complete calculation.
The black line is the MF result using the parameters of Table I.
gap equation contributions coming from these modes, as performed in this work. We found, however, that such
a calculation leads to a strange behavior near the critical temperature of the model. This might indicate that
the one-meson-loop NJL model, should be used with care as an effective model of QCD: taking our results into
account, we conclude that to use the NJL with one-meson-loop corrections, the overall contribution from meson
loops is very small i.e., α, should be of the order of α = 0.1− 0.2, to get a chiral condensate which is bounded
by the error bars coming from 2-flavor lattice QCD calculations [68].
IV. CONCLUSIONS
In the present work, we have studied the effect of the inclusion of collective and noncollective modes in the
quark condensate of the NJL model using a symmetry conserving approximation. This approximation is based
on the effective action formalism and guarantees that the pion is the Goldstone mode in the chiral limit.
Adding quantum fluctuations, in asymmetric conserving way, by considering the influence of collective and
noncollective modes in the NJL model is not a simple task [23]. The composite nature of the meson modes
leads to a dynamical scenario where, depending on the temperature and Hartree mass, collective modes may, or
may not exist. From the practical point of view, even evaluating some integrations analytically, one ends up
effectively solving four dimensional integrals, numerically.
In the vacuum, using a mean field parametrization and adding the meson sector by increasing the boson cutoff,
it was found a decreasing value for the quark condensate. This result is expected: the inclusion of boson degrees
of freedom is known to drag the system into a state of restored chiral symmetry. It was also found that this
decrease is limited by the existence of the collective modes. Decreasing the value of the condensate too much
leads to the absence of pole contributions to the vacuum gap equation, which are essential to balance the gap
equation, providing the existence of a solution, beyond the MF approximation.
This calculation shows that adding meson-loop correction terms to the NJL model, in a consistent way, is a
very delicate process. There is a backreaction in the quark condensate and restoration of chiral symmetry, due
to the existence of composite collective and noncollective modes. As temperature increases and chiral symmetry
gets restored, the collective modes melt and its contribution to the gap equation vanishes.
As future work, testing the robustness of the results with different regularization procedures for the quark and
meson loops, like the Pauli-Villars scheme, could be insightful. The calculation can be extended to finite density
by including a finite chemical potential. With such an extension one could study in-medium behavior of the
collective and noncollective modes and their influence on the restoration of chiral symmetry at finite density.
This would also allow us to obtain the phase diagram of the NJL model at one-meson-loop level and check the
existence of a critical end-point and its robustness against increasing α = Λb/Λf . Another interesting extension
would be to include the Polyakov loop and study the influence of the collective and noncollective modes on the
breaking of Z(Nc) symmetry and statistical deconfinement. Finally, the developed formalism can also be applied
to the calculation of transport coefficients at finite temperature.
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V. APPENDIX
A. Sokhotski-Plemelj formula
The Sokhotski-Plemelj formula is given by,
1
x− x0 ± i = p.v.
1
x− x0 ∓ ipiδ(x− x0), (41)
where,  ≥ 0 is an infinitesimal constant, p.v. stands for the Cauchy principal value and δ is the Dirac delta
function.
B. f0(S) loop function at finite temperature
The thermal loop function f0(S) is defined as:
f0(S) =
∫
k
1
k2 + S2
. (42)
We can separate the time dependence by defining,
E2k = k
2 + S2. (43)
Writing the k0 integrations as a sum over the fermionic Matsubara frequencies, ωn = (2n+1)pi/β, n ∈ Z and using
the contour integral technique to evaluate the sum, one gets:
f0(S) =
∫
k
1
2Ek
[1− 2nF(Ek)]. (44)
C. f1(S, q) loop function at finite temperature
The thermal loop function f1(S, q) is defined as:
f1(S, q) =
∫
k
1
((k − q)2 + S2)(k2 + S2) . (45)
We can separate the time dependence by using Eq. (43) and defining,
E2k−q = (k − q)2 + S2. (46)
To perform the integration over k0, we write the integral as a sum over the allowed Matsubara frequencies,
ωn = (2n+1)pi/β, n ∈ Z, for fermionic fields. The sum is then evaluated using the usual contour technique [69, 70].
This process will generate terms proportional to,
nF(iq0 + Ek−q) =
1
eβiq0eβEk−q + 1
, (47)
the Fermi distribution function with an external momentum q0. This momentum corresponds to the the
Matsubara frequency of an external particle. In this case, the external particles are bosons (σ and pi modes).
Hence, q0 = 2npi/β, n ∈ Z. Making use of Euler’s identity one writes,
nF(iq0 + Ek−q) =
1
eβiq0eβEk−q + 1
=
1
eβEk−q + 1
= nF(Ek−q).
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After some calculations, one can finally arrive at,
f1(S, q, q0) =
∫
k
1
4EkEk−q
{
G+
iq0 + E+
− G+
iq0 − E+ +
G-
iq0 + E-
− G-
iq0 − E-
}
, (48)
where:
E+ = Ek + Ek−q, (49)
E- = Ek − Ek−q, (50)
G+ = 1− nF(Ek)− nF(Ek−q), (51)
G- = nF(Ek)− nF(Ek−q). (52)
This function is nonanalytical at the origin, leading to two distinct results in the q → 0 limit: the plasmon
and static limits. For the plasmon limit one can get:
lim
q0→0
lim
q→0
f1(S, q, q0) =
∫
d3k
(2pi)3
1− 2nF(Ek)
4E3k
. (53)
The static limit can be calculate to yield,
lim
q→0
lim
q0→0
f1(S, q, q0) =
∫
d3k
(2pi)3
1
4E3k
{
1− 2nF(Ek) + 2Ek
T
nF(Ek)[nF(Ek)− 1]
}
. (54)
Both expressions agree in the zero temperature limit, as expected. For more details see [66].
In the calculations we are interested in the function f1(S, q,−iω) with q0 a pure imaginary number. Consider
a Wick rotation q0 = −iω, for real ω and define F (S, q, ω) as:
F (S, q, ω) = f1(S, q,−iω)
=
∫
k
1
4EkEk−q
{
G+
ω + E+
− G+
ω − E+ +
G-
ω + E-
− G-
ω − E-
}
. (55)
The real and imaginary parts of F (S, q, ω) can be defined, near the real axis, with an analytical continuation.
Following [56, 59], we write:
F (S, q, ω)→ F (S, q, ω ± i) = Re [F (S, q, ω)]± i Im [F (S, q, ω)]. (56)
The function F (S, q, ω) in Eq. (55), is an even function with respect to ω i.e., F (S, q, ω ± i) = F (S, q,−(ω ± i)).
By defining the real and imaginary parts as in Eq. (56), this property implies that, near the real axis, the real
part will be an even function of ω while, the imaginary part will be an odd function [71]. Indeed one can write:
Re [F (S, q, ω)] = Re [F (S, q,−ω)], (57)
Im [F (S, q, ω)] = − Im [F (S, q,−ω)]. (58)
Each contribution defined in Eq. (56) can be explicitly calculated by applying the Sokhotski-Plemelj formula for
distributions defined in Eq. (41).
D. The IM (S) contribution
Consider the term given in Eq. (18), for a given meson channel M = {σ, pi}. We can write it as:
IM (S) =
1
2NcNf
∫
q
∫
dq0
2pi
[
f1(S, q, q0)k
−1
M (S, q, q0) + m˜
]−1
. (59)
Changing the integration over q0 into a sum over Matsubara frequencies ωn, one gets,
IM (S) =
1
2NcNf
∫
q
1
β
∞∑
n=−∞
[
f1(S, q, ωn)k
−1
M (S, q, ωn) + m˜
]−1
. (60)
As already stated, q corresponds to the momentum of a composite boson hence, ωn =
2npi
β , the bosonic Matsubara
frequencies. This sum can be converted into a contour integration, using contour C of Fig. 1. One gets,
IM (S) =
1
2NcNf
∫
q
1
2
∮
C
dw
2pii
coth
(
βw
2
)[
f1(S, q,−iw)k−1M (S, q,−iw) + m˜
]−1
. (61)
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Applying the formalism discussed earlier through Eq. (23), the contour integral can be converted into an
integration around the real axis, in which only the imaginary part of the integrand will contribute to the final
result. The integral can then be divided in the collective and noncollective contributions as indicated in Eq. (27).
The first term, PM (S), can be calculated by considering that, near the real axis, the loop function f1(S, q,−iw)
is purely real and k−1M (S, q,−iw) as an imaginary part. One can write,
PM (S) = 1
4piNcNf
∫
q
∫ +∞
−∞
dω
coth (βω/2)
Re [F (S, q, ω)]
Im
[(
KM (S, q, ω + i)
−1
+
m˜
Re [F (S, q, ω)]
)−1]
. (62)
Using the Sokhotski-Plemelj formula and the properties of the Dirac delta function, the imaginary part of the
integrand is,
Im
[(
KM (S, q, ω + i)
−1
+
m˜
Re [F (S, q, ω)]
)−1]
=
pi
2E˜M (S, q, ω)
∑
η=±1
η
δ(ω − ωη)
|∂ωχη(S, q, ω)|ωη
, (63)
where the quantity χη(S, q, ω) and its ω-derivative are given by:
χη(S, q, ω) = ω − ηE˜M (S, q, ω), (64)
∂ωχη(S, q, ω) = 1 +
ηm˜
2E˜M (S, q, ω)
∂ω Re [F (S, q, ω)]
(Re [F (S, q, ω)])
2 , (65)
with ωη a solution to Eq. (31). Plugging the imaginary part in the integral, and using the delta function to
integrate over ω yields the final result:
PM (S) = 1
4NcNf
∫
q
coth (βω+/2)
Re [F (S, q, ω+)]
|∂ωχ+(S, q, ω)|−1ω+
E˜M (S, q, ω+)
. (66)
Considering that k−1M (S, q,−iw) is real while f1(S, q,−iw) is complex will give the branch cut contribution.
One can write,
BM (S) = 1
4piNcNf
∫
q
∫ +∞
−∞
dω
coth (βω/2)
−ω2 + E2M (S, q)
Im
[
(F (S, q, ω) + m˜KM (S, q, ω))
−1
]
. (67)
Using Eq. (33), near the real axis, the quotient in the integrand can be written as,
[F (S, q, ω + i) + m˜KM (S, q, ω)]
−1
=
Re [G(S, q, ω)]− i Im [F (S, q, ω)]
Re [G(S, q, ω)]
2
+ Im [F (S, q, ω)]
2 .
One can drop the real part of this expression and write,
BM (S) = 1
2piNcNf
∫
q
∫ +∞
0
dω
coth (βω/2)
−ω2 + E2M (S, q)
− Im [F (S, q, ω)]
Re [G(S, q, ω)]
2
+ Im [F (S, q, ω)]
2 , (68)
where we used the fact that the integrand is even in ω.
E. The I1M (S) contribution
As already stated, only the branch cut contribution of the I1σ(S) integral needs to be calculated. Consider,
I1σ(S) =
1
2NcNf
∫
q
∫
dq0
2pi
f1(S, q, q0)
[
f1(S, q, q0)k
−1
σ (S, q, q0) + m˜
]−1
. (69)
By changing the integral into a Matsubara sum and then to a contour integration using contour C, one gets:
I1σ(S) =
1
2NcNf
∫
q
1
2
∮
C
dw
2pii
coth
(
βw
2
)
f1(S, q,−iw)
[
f1(S, q,−iw)k−1σ (S, q,−iw) + m˜
]−1
. (70)
Following the usual recipe to calculate the noncollective mode contribution, B1σ(S) is given by,
B1σ(S) = 1
4piNcNf
∫
q
∫ +∞
−∞
dω
coth (βω/2)
−ω2 + E2σ(S, q)
Im
[
F (S, q, ω)
F (S, q, ω) + m˜KM (S, q, ω)
]
. (71)
Near the real axis, one can write:
F (S, q, ω + i)
F (S, q, ω + i) + m˜KM (S, q, ω)
= 1− m˜KM (S, q, ω) Re [G(S, q, ω)]− i Im [F (S, q, ω)]
Re [G(S, q, ω)]
2
+ Im [F (S, q, ω)]
2 . (72)
Considering only the imaginary part of the above quotient, one gets:
B1σ(S) = m˜
2piNcNf
∫
q
∫ +∞
0
dω
coth (βω/2)
−ω2 + E2σ(S, q)
Kσ(S, q, ω) Im [F (S, q, ω)]
Re [G(S, q, ω)]
2
+ Im [F (S, q, ω)]
2 . (73)
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F. The I2M (S) contribution
The final and more complicated contribution comes from integrals I2σ(S) and I2pi(S). We can define the
quantity, I2M (S), which depends on the meson channel M = {σ, pi} as:
I2M (S) = −2
∫
d4q
(2pi)
4
(
q2 + 4S2δMσ
)
f2(S, q)∆˜M (S, q).
To simplify the calculations, we use the identity presented in Eq. (36) and write,
I2M (S) =
1
2NcNf
∫
q
∂
∂ξ2
∫
dq0
2pi
ln
{
f1(ξ, q, q0)k
−1
M (S, q, q0) + m˜
}
ξ=S
. (74)
Here, the ξ2 derivative commutes with the integration since the integral bounds are ξ-independent. Following
the usual recipe, the q0 integration can be transformed into a Matsubara sum. The sum is then converted into a
contour integration, using contour C. We can now write,
I2M (S) =
1
2NcNf
∫
q
∂
∂ξ2
1
2
∮
C
dw
2pii
coth
(
βw
2
)
ln
{
f1(ξ, q,−iw)k−1M (S, q,−iw) + m˜
}
ξ=S
. (75)
The separation in the pole and branch cut contributions is performed using Eq. (35).
For the pole contribution P2M (S), one can write:
P2M (S) = 1
4piNcNf
∫
q
∂
∂ξ2
∫ +∞
−∞
dω coth
(
βω
2
)
Im
[
ln
{
Re [F (ξ, q, ω)]K−1M (S, q, ω) + m˜
}]
ξ=S
. (76)
The logarithm in the integrand can be written as,
ln
{
Re [F (ξ, q, ω)]K−1M (S, q, ω) + m˜
}
= ln Re [F (ξ, q, ω)] + ln
{
K−1M (S, q, ω) +
m˜
Re [F (ξ, q, ω)]
}
. (77)
The first term is real and can be dropped. Hence,
P2M (S) = 1
4piNcNf
∫
q
∂
∂ξ2
∫ +∞
−∞
dω coth
(
βω
2
)
Im
[
ln
{
K−1M (S, q, ω) +
m˜
Re [F (ξ, q, ω)]
}]
ξ=S
.
Calculating the derivative yields:
P2M (S) = 1
4piNcNf
∫
q
∫ +∞
−∞
dω coth
(
βω
2
)
Im
[{
K−1M (S, q, ω) +
m˜
Re [F (S, q, ω)]
}−1]
∂
∂ξ2
m˜
Re [F (ξ, q, ω)] ξ=S
.
Using Eq. (63) and defining RF (S, q, ω) = 16pi
2qRe [F (S, q, ω)], the final result is given by:
P2M (S) = − 4pi
2m˜
NcNf
∫
q
q
coth (βω+/2)
E˜M (S, q, ω+)
∂S2RF (S, q, ω+)
RF (S, q, ω+)
2 |∂ωχ+(S, q, ω)|−1ω+ . (78)
For the branch cut contribution B2M (S), consider,
B2M (S) = 1
4piNcNf
∫
q
∂
∂ξ2
∫ +∞
−∞
dω coth
(
βω
2
)
Im
[
ln
{
F (ξ, q, ω)K−1M (S, q, ω) + m˜
}]
ξ=S
. (79)
The logarithm can be written as:
ln
{
F (ξ, q, ω)K−1M (S, q, ω) + m˜
}
= − lnKM (S, q, ω) +
{
F (ξ, q, ω) + m˜KM (S, q, ω)
}
. (80)
The first term can be dropped since it a pure real number and B2M (S) can be written as:
B2M (S) = 1
4piNcNf
∫
q
∂
∂ξ2
∫ +∞
−∞
dω coth
(
βω
2
)
Im
[
ln
{
F (ξ, q, ω) + m˜KM (S, q, ω)
}]
ξ=S
. (81)
To calculate this term, the definition of Re [G(ξ, q, ω)] is slightly different from the one in Eq. (33). The term
coming from m˜KM (S, q, ω) does not depend on ξ,
Re [G(ξ, q, ω)] = Re [F (ξ, q, ω)] +M(S, q, ω). (82)
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The argument of the logarithm, near the real axis, can be written as:
F (ξ, q, ω + i) + m˜KM (S, q, ω) = Re [G(ξ, q, ω)] + i Im [F (ξ, q, ω)].
The real part of the function F (S, q, ω) is even and its imaginary part is odd, with respect to ω. Using these
properties, the integration is broken at ω = 0 and a variable change in the integration for negative ω as ω = −ω,
provides:
B2M (S) = 1
4piNcNf
∫
q
∂
∂ξ2
∫ +∞
0
dω coth
(
βω
2
)
Im
[
ln
{
Re [G(ξ, q, ω)] + i Im [F (ξ, q, ω)]
Re [G(ξ, q, ω)]− i Im [F (ξ, q, ω)]
}]
ξ=S
.
The complex numbers in the logarithm argument can be written in the polar representation by defining their
absolute value L(ξ, q, ω) and argument A(ξ, q, ω) as,
L(ξ, q, ω) =
√
Re [G(ξ, q, ω)]
2
+ Im [F (ξ, q, ω)]
2
, (83)
A(ξ, q, ω) =
Im [F (ξ, q, ω)]
Re [G(ξ, q, ω)]
, (84)
which allows to write,
Re [G(ξ, q, ω)]± i Im [F (ξ, q, ω)] = L(ξ, q, ω) exp
[
± i arctgA(ξ, q, ω)
]
.
Using the polar representation and commuting the ξ2 derivative with the ω integral, it gives:
B2M (S) = 1
2piNcNf
∫
q
∫ +∞
0
dω
coth (βω/2)
1 +A(S, q, ω)
2 ∂ξ2A(ξ, q, ω)ξ=S . (85)
[1] Y. Nambu and G. Jona-Lasinio, Phys. Rev. 122, 345 (1961).
[2] Y. Nambu and G. Jona-Lasinio, Phys. Rev. 124, 246 (1961).
[3] T. Eguchi, Phys. Rev. D14, 2755 (1976).
[4] K. Kikkawa, Prog. Theor. Phys. 56, 947 (1976).
[5] M. K. Volkov and D. Ebert, Yad. Fiz. 36, 1265 (1982).
[6] D. Ebert and M. K. Volkov, Z. Phys. C16, 205 (1983).
[7] M. K. Volkov, Annals Phys. 157, 282 (1984).
[8] A. A. Osipov, B. Hiller, and J. da Providencia, Phys. Lett. B634, 48 (2006), arXiv:hep-ph/0508058 [hep-ph].
[9] A. A. Osipov, B. Hiller, A. H. Blin, and J. da Providencia, Annals Phys. 322, 2021 (2007), arXiv:hep-ph/0607066
[hep-ph].
[10] A. A. Osipov, B. Hiller, J. Moreira, and A. H. Blin, Phys. Lett. B659, 270 (2008), arXiv:0709.3507 [hep-ph].
[11] K. Fukushima, Phys. Lett. B591, 277 (2004), arXiv:hep-ph/0310121 [hep-ph].
[12] C. Ratti, M. A. Thaler, and W. Weise, Phys. Rev. D73, 014019 (2006), arXiv:hep-ph/0506234 [hep-ph].
[13] H. Hansen, W. M. Alberico, A. Beraudo, A. Molinari, M. Nardi, and C. Ratti, Phys. Rev. D75, 065004 (2007),
arXiv:hep-ph/0609116 [hep-ph].
[14] P. Rehberg, S. Klevansky, and J. Hufner, Phys.Rev. C53, 410 (1996), arXiv:hep-ph/9506436 [hep-ph].
[15] P. Costa and R. C. Pereira, Symmetry 11, 507 (2019), arXiv:1904.05805 [hep-ph].
[16] P. Costa, M. C. Ruivo, C. A. de Sousa, and Yu. L. Kalinovsky, Phys. Rev. D70, 116013 (2004), arXiv:hep-ph/0408177
[hep-ph].
[17] R. C. Pereira, P. Costa, and C. Provideˆncia, Phys. Rev. D94, 094001 (2016), arXiv:1610.06435 [nucl-th].
[18] N. Brambilla et al., Eur. Phys. J. C74, 2981 (2014), arXiv:1404.3723 [hep-ph].
[19] S. P. Klevansky, Rev. Mod. Phys. 64, 649 (1992).
[20] U. Vogl and W. Weise, Prog. Part. Nucl. Phys. 27, 195 (1991).
[21] M. Buballa, Phys. Rept. 407, 205 (2005), arXiv:hep-ph/0402234 [hep-ph].
[22] T. Hatsuda and T. Kunihiro, Phys. Rept. 247, 221 (1994), arXiv:hep-ph/9401310 [hep-ph].
[23] P. Zhuang, J. Hu¨fner, and S. Klevansky, Nuclear Physics A 576, 525 (1994).
[24] H. Guo, W. Deng, H. Ye, and L. Yang, Communications in Theoretical Physics 27, 61 (1997).
[25] D. Blaschke, A. Dubinin, A. Radzhabov, and A. Wergieluk, Phys. Rev. D96, 094008 (2017), arXiv:1608.05383
[hep-ph].
[26] D. Fuseau, T. Steinert, and J. Aichelin, (2019), arXiv:1908.08122 [hep-ph].
[27] D. Blaschke, M. Buballa, A. Dubinin, G. Roepke, and D. Zablocki, Annals Phys. 348, 228 (2014), arXiv:1305.3907
[hep-ph].
[28] Y. Jiang and P. Zhuang, Phys. Rev. C83, 038201 (2011), arXiv:1012.2158 [nucl-th].
[29] S. Ro¨ßner, T. Hell, C. Ratti, and W. Weise, Nuclear Physics A 814, 118 (2008).
[30] T. Hell, S. Rossner, M. Cristoforetti, and W. Weise, Phys. Rev. D81, 074034 (2010), arXiv:0911.3510 [hep-ph].
[31] D. Blaschke, A. Dubinin, and M. Buballa, Phys. Rev. D91, 125040 (2015), arXiv:1412.1040 [hep-ph].
18
[32] Y. Nemoto, K. Naito, and M. Oka, Eur. Phys. J. A9, 245 (2000), arXiv:hep-ph/9911431 [hep-ph].
[33] J. Baacke and S. Michalski, Phys. Rev. D67, 085006 (2003), arXiv:hep-ph/0210060 [hep-ph].
[34] N. Petropoulos, Linear sigma model at finite temperature, Ph.D. thesis, Manchester U. (2004), arXiv:hep-ph/0402136
[hep-ph].
[35] J. Baacke and S. Michalski, (2004).
[36] J. O. Andersen and T. Brauner, Phys. Rev. D78, 014030 (2008), arXiv:0804.4604 [hep-ph].
[37] W. Florkowski and W. Broniowski, Phys. Lett. B386, 62 (1996), arXiv:hep-ph/9605315 [hep-ph].
[38] L. M. Haas, R. Stiele, J. Braun, J. M. Pawlowski, and J. Schaffner-Bielich, Phys. Rev. D87, 076004 (2013),
arXiv:1302.1993 [hep-ph].
[39] K. Morita, V. Skokov, B. Friman, and K. Redlich, Phys. Rev. D84, 074020 (2011), arXiv:1108.0735 [hep-ph].
[40] H. Gies, Renormalization group and effective field theory approaches to many-body systems, Lect. Notes Phys. 852,
287 (2012), arXiv:hep-ph/0611146 [hep-ph].
[41] J. M. Pawlowski, Annals Phys. 322, 2831 (2007), arXiv:hep-th/0512261 [hep-th].
[42] J. Braun, J. Phys. G39, 033001 (2012), arXiv:1108.4449 [hep-ph].
[43] K.-I. Aoki, S.-I. Kumamoto, and D. Sato, PTEP 2014, 043B05 (2014), arXiv:1403.0174 [hep-th].
[44] K. Fukushima and J. M. Pawlowski, Phys. Rev. D86, 076013 (2012), arXiv:1203.4330 [hep-ph].
[45] K.-I. Aoki and M. Yamada, Int. J. Mod. Phys. A30, 1550180 (2015), arXiv:1504.00749 [hep-ph].
[46] K.-I. Aoki, H. Uoi, and M. Yamada, Phys. Lett. B753, 580 (2016), arXiv:1507.02527 [hep-ph].
[47] B.-J. Schaefer and J. Wambach, Nucl. Phys. A757, 479 (2005), arXiv:nucl-th/0403039 [nucl-th].
[48] R.-A. Tripolt, N. Strodthoff, L. von Smekal, and J. Wambach, Phys. Rev. D89, 034010 (2014), arXiv:1311.0630
[hep-ph].
[49] R.-A. Tripolt, B.-J. Schaefer, L. von Smekal, and J. Wambach, Phys. Rev. D97, 034022 (2018), arXiv:1709.05991
[hep-ph].
[50] J. Hufner, S. Klevansky, P. Zhuang, and H. Voss, Annals of Physics 234, 225 (1994).
[51] E. N. Nikolov, W. Broniowski, C. V. Christov, G. Ripka, and K. Goeke, Nucl. Phys. A608, 411 (1996), arXiv:hep-
ph/9602274 [hep-ph].
[52] D. Muller, M. Buballa, and J. Wambach, Phys. Rev. D81, 094022 (2010), arXiv:1002.4252 [hep-ph].
[53] M. Oertel, M. Buballa, and J. Wambach, Phys. Atom. Nucl. 64, 698 (2001), [Yad. Fiz.64,757(2001)], arXiv:hep-
ph/0008131 [hep-ph].
[54] R. S. Plant and M. C. Birse, Nucl. Phys. A703, 717 (2002), arXiv:hep-ph/0007340 [hep-ph].
[55] D. Blaschke, Yu. L. Kalinovsky, G. Roepke, S. M. Schmidt, and M. K. Volkov, Phys. Rev. C53, 2394 (1996),
arXiv:nucl-th/9511003 [nucl-th].
[56] K. Yamazaki and T. Matsui, Nuclear Physics A 913, 19 (2013).
[57] R. Alkofer and H. Reinhardt, Chiral Quark Dynamics, Lecture Notes in Physics Monographs (Springer Berlin
Heidelberg, 2008).
[58] A. Garibli, R. Jafarov, and R. Vladimir, Symmetry 11, 668 (2019).
[59] K. Yamazaki and T. Matsui, Nuclear Physics A 922, 237 (2014).
[60] D. Ebert, Field theoretical tools for polymer and particle physics. Proceedings, Workshop, Wuppertal, Germany, June
17-19, 1997, Lect. Notes Phys. 508, 103 (1998), arXiv:hep-ph/9710511 [hep-ph].
[61] G. Ripka, Quarks Bound by Chiral Fields: The Quark Structure of the Vacuum and of Light Mesons and Baryons,
Oxford Science Publications (Clarendon Press, 1997).
[62] G. Ripka, Quarks bound by chiral fields: The quark-structure of the vacuum and of light mesons and baryons (1997).
[63] J. M. Torres-Rincon and J. Aichelin, Phys. Rev. C 96, 045205 (2017).
[64] D. Blaschke, A. Dubinin, D. Ebert, and A. V. Friesen, Phys. Part. Nucl. Lett. 15, 230 (2018), arXiv:1712.09322
[hep-ph].
[65] K. Cichy, E. Garcia-Ramos, and K. Jansen, JHEP 10, 175 (2013), arXiv:1303.1954 [hep-lat].
[66] A. Das, Finite Temperature Field Theory , World scientific lecture notes in physics (World Scientific, 1997).
[67] A. E. Radzhabov, D. Blaschke, M. Buballa, and M. K. Volkov, Phys. Rev. D83, 116004 (2011), arXiv:1012.0664
[hep-ph].
[68] F. Karsch, Lectures on quark matter. Proceedings, 40. International Universita¨tswochen for theoretical physics, 40th
Winter School, IUKT 40: Schladming, Austria, March 3-10, 2001, Lect. Notes Phys. 583, 209 (2002), arXiv:hep-
lat/0106019 [hep-lat].
[69] J. Kapusta and C. Gale, Finite-Temperature Field Theory: Principles and Applications, Cambridge Monographs on
Mathematical Physics (Cambridge University Press, 2006).
[70] M. L. Bellac, Thermal Field Theory , Cambridge Monographs on Mathematical Physics (Cambridge University Press,
2011).
[71] M. E. Peskin and D. V. Schroeder, An Introduction to quantum field theory (Addison-Wesley, Reading, USA, 1995).
